We obtain several oscillation criteria for a class of second-order nonlinear neutral differential equations. New theorems extend a number of related results reported in the literature and can be used in cases where known theorems fail to apply. Two illustrative examples are provided. MSC: 34K11
Introduction
In this paper, we are concerned with the oscillation of a class of nonlinear second-order neutral differential equations
r(t) x(t) + p(t)x(t -τ ) γ + q(t)f x(t), x σ (t) = ,
where t ≥ t  > , τ ≥ , and γ ≥  is a quotient of two odd positive integers. In what follows, it is always assumed that (H  ) r ∈ C  ([t  , +∞), (, +∞));
(H  ) p, q ∈ C([t  , +∞), [, +∞)) and q(t) is not identically zero for large t; (H  ) f ∈ C(R  , R) and f (x, y)/y γ ≥ κ for all y =  and for some κ > ;
(H  ) σ ∈ C  ([t  , +∞), R), σ (t) ≤ t, σ (t) > , and lim t→+∞ σ (t) = +∞.
By a solution of equation () we mean a continuous function x(t) defined on an interval [t x , +∞) such that r(t)((x(t) + p(t)x(t -τ )) )
γ is continuously differentiable and x(t) satisfies () for t ≥ t x . We consider only solutions satisfying sup{|x(t)| : t ≥ T ≥ t x } >  and tacitly assume that equation () possesses such solutions. A solution of () is called oscillatory if it has arbitrarily large zeros on [t x , +∞); otherwise, it is called nonoscillatory. We say that equation () is oscillatory if all its continuable solutions are oscillatory. During the past decades, a great deal of interest in oscillatory and nonoscillatory behavior of various classes of differential and functional differential equations has been shown. Many papers deal with the oscillation of neutral differential equations which are often encountered in applied problems in science and technology; see, for instance, Hale [] . It is known that analysis of neutral differential equations is more difficult in comparison with that of ordinary differential equations, although certain similarities in the behavior of solutions of these two classes of equations are observed; see, for instance, the monographs [-], the papers [-] and the references cited there. Our principal goal in this paper is to derive new oscillation criteria for equation () without requiring restrictive conditions () and (). Developing further ideas from the paper by Hasanbulli and Rogovchenko [] concerned with a particular case of equation () with γ = , we study the oscillation of () in the case where γ ≥ .
Oscillation criteria
In what follows, all functional inequalities are tacitly assumed to hold for all t large enough, unless mentioned otherwise. As usual, we use the notation z(t) := x(t) + p(t)x(t -τ ) and g + (t) := max{g(t), }. Let
(ii) H has a nonpositive continuous partial derivative with respect to the second variable satisfying
∂ ∂s H(t, s) = -h(t, s) H(t, s)
In what follows, we assume that, for all t ≥ t  ,
where
In order to establish our main theorems, we need the following auxiliary result. The first inequality is extracted from the paper by Jiang and Li [, Lemma ], whereas the second one is a variation of the well-known Young inequality [] .
Lemma  (i) Let γ ≥  be a ratio of two odd integers. Then
for all AB ≥ .
(ii) For any two numbers C, D ≥  and for any q > ,
the equality holds if and only if C = D.

Theorem  Assume that conditions (H  )-(H  ), ()
, and () are satisfied. Suppose also that there exist two functions ρ  , ρ  ∈ C  ([t  , +∞), R) such that, for some β ≥  and for some
and
Proof Let x(t) be a nonoscillatory solution of (). Since γ is a quotient of two odd positive integers, -x(t) is also a solution of (). Hence, without loss of generality, we may assume that there exists a t  ≥ t  such that x(t) > , x(t -τ ) > , and x(σ (t)) >  for all t ≥ t  . Then z(t) ≥ x(t) > , and by virtue of
the function (r(t)(z (t)) γ ) is nonincreasing for all t ≥ t  . Therefore, z (t) does not change sign eventually, that is, there exists a t  ≥ t  such that either z (t) >  or z (t) <  for all t ≥ t  . We consider each of two cases separately. Case . Assume first that z (t) >  for all t ≥ t  . Equation () and condition (H  ) yield
In view of (H  ), there exists a t  ≥ t  such that, for all t ≥ t  ,
It follows from () and () that
Define a generalized Riccati substitution by
Differentiating () and using () and (), one arrives at
() http://www.advancesindifferenceequations.com/content/2013/1/336
and B := ρ  (t).
By virtue of Lemma , part (i), we have the following estimate:
It follows now from () and () that
where ψ  is defined by (). Replacing in () t with s, multiplying both sides by H(t, s) and integrating with respect to s from t  to t, we have, for some β ≥  and for any t ≥ t  , 
H(t, s)ψ  (s) ds + t t  h(t, s) H(t, s)
Let q :=  + /γ ,
.
Application of Lemma , part (ii), yields h(t, s) H(t, s)
Hence, by the latter inequality and (), we have
ds.
(   ) http://www.advancesindifferenceequations.com/content/2013/1/336
Using monotonicity of H, we conclude that, for all t ≥ t  ,
which contradicts ().
Case . Assume now that z (t) <  for all t ≥ t  . It follows from the inequality (r(t)(z (t))
Integrating this inequality from t to l, l ≥ t ≥ t  , we have
Passing to the limit as l → +∞, we conclude that
which yields
Hence, we have
It follows from () and the latter inequality that there exists a t  ≥ t  such that For t ≥ t  , define a generalized Riccati substitution by
Differentiating (), we have
Letting in Lemma , part (i),
and B := ρ  (t),
we have
It follows from () and () that
where ψ  is defined by (). Replacing in () t with s, multiplying both sides by H(t, s) and integrating with respect to s from t  to t, we conclude that, for some β ≥  and for all t ≥ t  ,
Letting in Lemma , part (ii),
we conclude that
Using the latter inequality and (), we have
Proceeding as in the proof of Case , we obtain contradiction with our assumption (). Therefore, equation () is oscillatory.
Theorem  Assume that conditions (H  )-(H  ), (), and () are satisfied. Suppose also that there exist functions H
all T ≥ t  and for some β > , Proof Without loss of generality, assume again that () possesses a nonoscillatory solution x(t) such that x(t) > , x(t -τ ) > , and x(σ (t)) >  on [t  , +∞) for some t  ≥ t  . From the proof of Theorem , we know that there exists a t  ≥ t  such that either z (t) >  or z (t) <  for all t ≥ t  . Case . Assume first that z (t) >  for all t ≥ t  . Proceeding as in the proof of Theorem , we arrive at inequality (), which yields, for all t > t  and for some β > ,
Since η is an arbitrary positive constant,
but the latter contradicts (). Consequently,
and, by virtue of (), Case . Assume now that z (t) <  for t ≥ t  . It has been established in Theorem  that () holds. Using () and proceeding as in Case  above, we arrive at the desired conclusion.
As an immediate consequence of Theorem , we have the following result. 
Examples
Efficient oscillation tests can be easily derived from Theorems - with different choices of the functions H, ρ  , ρ  , φ  , and φ  . In this section, we illustrate possible applications with two examples.
